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$N$ $q$ ) $k$ . $S_{k}(\Gamma_{0}(N))$ $\Gamma_{0}(N)$
$k$ cusp form . Petersson
Hilbert . Dirichlet $\chi(\mathrm{m}\mathrm{o}\mathrm{d} q)$ $f(z)= \sum_{n1f}\infty=\wedge a,\infty(n)e2\pi inz\in$
$S_{k}(\Gamma_{0}(N))$ $L$
$L(f, \chi, s)=\sum_{=n1}^{\infty}\frac{\chi(n)a_{f,\infty}(n)}{n^{s}}$
. , $s=\sigma+it$ , $a_{f,\infty}(n)=\hat{a}f,\infty(n)n^{-(k}-1)/2$
. $\sigma>1$ . $q$ $N$
$\chi$ , $L(f, \chi, s)$ $\mathbb{C}$
. $f$ normalized newform $L(f, \chi, s)$ Euler .
$s=1/2$ $L(f, \chi, s)$ critical $\mathrm{s}\{\mathrm{r}\mathrm{i}\mathrm{p}$ , Duke [3]
non-vanishing .
Theorem (Duke). $P$ , $q$ $P$ , $\chi(\mathrm{m}\mathrm{o}\mathrm{d} q)$
. p $S_{2}(\mathrm{r}_{0}(p))$ normalized newform
. $C$ $q$ $C_{q}$ , $P>C_{q}$
$P$ $Cp(\log P)-2$ t $f$ $L(f, \chi, 1/2)\neq 0$
.
, $\mathfrak{F}k,N$ $S_{k}(\Gamma_{\mathrm{o}(N))}$ normalized newform . $Sk,N$
$\dim Sk(\Gamma_{0}(N))$ , $k=2,4,6,8,10,14$ $N$




Duke , $L(f, \chi, 1/2)$ –
Cauchy-Schwarz . , normalized
newform Petersson norm ,
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Proposition 1. $N\geq 2,0\leq\sigma\leq 1,$ $\tau=|t|+2,$ $\mathcal{F}$ $S_{k}(\Gamma_{0}(N))$
, $q$ $N$ , $\chi(\mathrm{m}\mathrm{o}\mathrm{d} q)$ .
$\sum_{f\in \mathcal{F}}\overline{a_{f},\infty(1)}L(f, x, S)=\frac{(4\pi)^{k-1}}{(k-2)!}+O((\frac{1}{\sqrt{N}q\tau})\sigma-1/2(\frac{q\tau}{\sqrt{N}})^{k/2}\mathrm{I}$
. implied constant $k$ .
ProPosition 2. $\prime r=|t|+2,$ $\mathcal{F}$ $S_{k}(\Gamma_{0}(N))$ , $q$ $N$
, $\chi(\mathrm{m}\mathrm{o}\mathrm{d} q)$ .
$\sum_{f\in f}|L(f, \chi, 1/2+it)|^{2}\leq 4\frac{(4\pi)^{k-1}}{(k-2)!}\log(\sqrt{N}q\tau)$
$+\{$
$O(( \log(\sqrt{N}q\mathcal{T}))^{1}/2+\frac{q\tau(\log(\sqrt{N}q_{\mathcal{T}}))^{2}}{\sqrt{N}})$ if $k=2$












Theorem (The Petersson formula). $F$ $S_{k}(\Gamma_{0}(N))$ , $a,$ $\mathrm{b}$
$\Gamma_{0}(N)$ cusp . $S_{k}(\Gamma_{0}(N))$ $f$ $a$ scaling matrix $\sigma$
20
$f|[\sigma_{a}]_{k}$
$(f|[ \sigma_{a}]_{k})(z)=\sum n\infty=1\wedge a_{f},\alpha(n)e^{2}\pi inz$
, $a_{f\alpha},(n)=a_{fa}(\wedge,n)n^{-(k}-1)/2$ . $m,$ $n$
$\frac{(k-2)!}{(4\pi)^{k-1}}\sum_{f\in \text{ }}\overline{a_{f},a(m)}a_{f},\mathrm{b}(n)$
$= \delta_{mn}\delta_{\alpha \mathrm{b}}+2\pi i^{-}k\sum_{)c\in c(\alpha,\mathrm{b}}C-1S_{a}\text{\’{o}}(m, n;c)J_{k-1}(\frac{4\pi\sqrt{mn}}{c})$ ,
. $S_{a\mathrm{b}}$ Kloosterman , $J_{k-1}$ order $k-1$ Bessel
$\text{ }$ , $\delta_{mn},$ $\delta_{a\mathrm{b}}$ Kronecker .
[7] p. 54 .
, $q$ $N$ $\chi$ $L(f, \chi, s)$
:
$( \frac{2\pi}{\sqrt{N}q}\mathrm{I}^{-s}\Gamma(s+(k-1)/2)L(f, x, S)$
$= \mu(\frac{2\pi}{\sqrt{N}q})^{s-1}\mathrm{r}((k+1)/2-s)L(f|[\sigma 0]k,\overline{x}, 1-s)$.
$\mu=i^{k}\chi(N)W(\chi)2q-1$ , $W(\chi)$ Gauss , $\sigma_{0}$ cusp $0$
scaling matrix Balasubramanian-Ramachandra [2] Lemma $1’$
, $L(f, \chi, s)$ Dirichlet
, (
). Dirichlet – cusp $\infty$ Fourier
, - Dirichlet cusp $0$ Fourier
. , Proposition 1 Petersson $\alpha=\infty$
$\mathrm{b}=\infty$ , $a=\infty$ $\mathrm{b}=0$
. Proposition 2 Dirichlet $L$ Balasubramanian-
Ramachandra ([2] Lemma $2’$ ) Duke-Friedlander-Iwaniec [4],
Iwaniec [7] ( Theorem 1, Theorem 5.7
, Petersson $a=\infty$ $\mathrm{b}=\infty$
) .
Proposition 1 2 $q$ $t$ . Duke
, . - ,
Balasubramanian-Ramachandra
. , Proposition 2 , $\sigma=arrow 1/2$
, $N$
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. , Balasubramanian-Ramachandra Duke
, ( $q$ $t$
Proposition 2 ).
Proposition 1 2 $s=1/2+it$ Cauchy-Schwarz
.
Proposition 3. $N\geq 2,$ $\tau=|t|+2,$ $\mathcal{F}$ $S_{k}(\Gamma_{0}(N))$ , $q$ $N$






$L(f, \chi,1/2+it\sum_{f\in \mathcal{F}}|a_{f\infty})\neq 0’(1)|^{2}\geq\frac{(4\pi)^{k-1}}{(k-2)!}\frac{C}{\log N}$
.
, $|a_{f,\infty}(1)|^{2}$ $N$ $f\in \mathcal{F}$ – ,
. , $k=2$ $N$ Hoffstein-Lockhart
[6] $\mathrm{G}\mathrm{o}\mathrm{l}\mathrm{d}\mathrm{f}\mathrm{e}\mathrm{l}\mathrm{d}- \mathrm{H}_{0}\mathrm{f}\mathrm{f}\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{i}\mathrm{n}-\mathrm{L}\mathrm{i}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}[5]$ – :
$|a_{f,\infty}(1)|^{2}\ll\log p/p$
Proposition 3 .
Theorem. $P$ , $q$ $P$ , $\chi(\mathrm{m}\mathrm{o}\mathrm{d} q)$ . $\mathrm{f}\mathrm{f}_{p}$
$S_{2}(\Gamma_{0}(p))$ normalized newform . $P$
$\frac{\sqrt{p}}{(\log(p+1))2}\geq\max\{q_{\mathcal{T}}(\log(q\tau))2, C\}$
. $C$ . $C’$
$C’p(\log p)-2$ $f$ , $L(f, \chi, 1/2+it)\neq 0$ .
, Akbary [1] Duke .
, $S_{k}(\Gamma_{0}(p))$ old class
, Proposition 3 non-vanishing old class
$|a_{f\infty},(1)|^{2}$ . Akbary
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[1] , Pizer [10]
.
, Iwaniec-Sarnak, Kowalski-Michel, Vanderkam Duke
positive proportion . , Duke $Cp(\log p)-2$




Proposition 4. $F$ $S_{k}(\mathrm{r}_{0}(N))$ , $q$ $N$ , $\chi$
$(\mathrm{m}\mathrm{o}\mathrm{d} q)$ , $\epsilon>0$ .
$\sum_{f\in F}|L(f, \chi, 1/2+it)|^{2}=\frac{(4\pi)^{k-1}}{(\text{ }-2)!}\frac{\phi(q)}{q}\log N+c_{k},q,\iota$
$+O(N^{(-}1k)/2+\epsilon)$ , $Narrow\infty$ ,
, $1/2<\sigma\leq 1$
$f \in\sum_{f}|L(f, x, S)|^{2}=\frac{(4\pi)^{k-1}}{(k-2)!}L(2\sigma, x\mathrm{o})$
$+ \frac{(4\pi)^{k-1}}{(\text{ }-2)!}L(2-2\sigma, \chi 0)(\frac{4\pi^{2}}{Nq^{2}})^{2\sigma-1}|\frac{\Gamma(1-s+(k-1)/2)}{\Gamma(s+(k-1)/2)}|^{2}$
$+O(N^{1k/}-2-\sigma+\epsilon)$ , $Narrow\infty$ ,
. $\phi(\cdot)$ Euler , $C_{k,q,t}$ , implied constant
$k,$ $q,$ $t,$ $\epsilon$ .
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